
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



LOGISTIC AND THE REDUCTION OF MATHE- 
MATICS TO LOGIC. 

IN the year 190 1 we find in an article by Bertrand Rus- 
sell : x "The nineteenth century which prides itself upon 
the invention of steam and evolution, might have derived a 
more legitimate title to fame from the discovery of pure 
mathematics .... One of the chief est triumphs of modern 
mathematics consists in having discovered what mathe- 
matics really is ... . Pure mathematics was discovered by 
Boole in a work which he called The Laws of Thought. . . . 
His work was concerned with formal logic, and this is 
the same thing as mathematics." 

Also in Keyser's address 2 we find: "... .the two great 
components of the critical movement, though distinct in 
origin and following separate paths, are found to converge 
at last in the thesis : Symbolic Logic is Mathematics, Math- 
ematics is Symbolic Logic, the twain are one." 

On the other hand we find Poincare 3 saying after his 
various successful attacks on logistic: "Logistic has to be 
made over, and one is none too sure of what can be saved. 
It is unnecessary to add that only Cantorism and Logistic 
are meant, true mathematics, those which serve some use- 
ful purpose, may continue to develop according to their own 
principles without paying any attention to the tempests 
raging without them, and they will pursue step by step 

1 International Monthly, 1901. 

2 Columbia University Lectures. 
8 Science et methode, p. 206. 
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their accustomed conquests which are definitive and which 
they will never need to abandon." 

What then is this logistic which made such extravagant 
claims in 1901 and in 1909 was dead? In order to under- 
stand it we must go back to the third century B. C. when 
Aristotle was developing the study usually called logic. 
The logic of Aristotle is well enough defined when it is 
called the logic of classes. A class may be defined in the 
following terms : Let us suppose that we start with a propo- 
sition about some individual, as for example, "8 is an even 
number," or as another case, "Washington crossed the 
Delaware." If now we remove the subject and substitute 
the empty form x, we shall have the statements : "x is an 
even number, x crossed the Delaware," which are called 
propositional functions, from analogy to mathematical func- 
tions. In this case the functions have but one variable or 
empty term, x. If we let x run through any given range of 
objects, the resulting statements will be some true, some 
false, some senseless. Those that are true or false con- 
stitute a list of propositions. For example we may say: 
"6 is an even number, 9 is an even number, this green apple 
is an even number," the first a true proposition, the second 
a false proposition, the third an absurdity. So I might 
say: "Washington crossed the Delaware, the Hessians 
crossed the Delaware, the North Pole crossed the Dela- 
ware," which are respectively true, false, and absurd, the 
first two cases being propositions. The propositional func- 
tion with one variable is called a concept. The individuals 
that may be put into the empty term (which may be any 
word of the statement), the variable, and yield true propo- 
sitions constitute the class of the concept. Thus the class 
of even numbers consists of a certain endless set or range 
of individuals, the class of presidents of the United States 
a certain set of a few individuals, the President of the 
United States of one individual, and the class of simple 
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groups of odd order may consist of no individuals at all. 
The individuals of a class may not be known, for instance 
the daily temperatures at the North Pole, or the odd perfect 
numbers. It is practically impossible to ascertain the in- 
dividuals in the first class, and there may not be any in the 
second class mentioned. In case it can be shown that a 
class has no individuals it is called a null-class. It should 
be noted carefully that the individuals do not define the 
class, but conversely the class defines the individuals. The 
same individuals may be defined by one or more classes. 
Nor is the relation of a member of a class to the class the 
same as the relation of a subclass to the class. For instance 
we may discuss the class of numbers which are either mul- 
tiples of 5 or give a remainder 1 when divided by 5. Now the 
class of fourth powers of integers are all either divisible 
by five or give i for remainder. Hence the fourth powers 
constitute a subclass of the first class mentioned. But of 
any one fourth power, as 81, say, we cannot assert that 81 
has the property of being divisible by 5 or of giving a 
remainder one, and its relation to the class is different 
from the relation of the subclass to the class. A subclass 
is said to be included in the class, not to be a member of it. 
This difference was first pointed out by Peano* and was 
not known to Aristotle. The two relations are indicated 
by the symbols e and '(", for instance, 

Roosevelt e presidents of the United States, 
some square roots •(• irrationals. 

The symbol of a class is the inverted e, 3, for instance 
x 3 divisor of 288, 

read "the class of divisors of 288." It is evident that a 
class is not a class of classes, for the latter is a class of 
propositional functions of one variable, the former a class 
of individuals. 

* Formuhire de mathematique, Vol. I. 
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Aristotle not only studied classes, with schemes for 
definition and subdivision of classes, but he introduced the 
syllogism as a means of reasoning. The syllogism is a 
succession of three statements of the inclusions of classes ; 
in formal statement, Greek letters denoting classes, 

«'(•& P"('Y, then <f('Y. 

For example, Pascal's theorem is true of any conic, every 
circle is a conic, whence Pascal's theorem is true of every 
circle. For an individual circle we should have a different 
type of syllogism, a distinction not noted by Aristotle, 
namely 

x e a, cr('p\ then x e p\ 

For instance, Pascal's theorem is true of circles, this figure 
is a circle, thence Pascal's theorem is true for this indi- 
vidual circle. 

Logic rested with the Aristotelian development for 
many centuries, and was supposed to be perfect. The re- 
generation of the subject has been ascribed to Leibniz, 
because he hoped to see a universal symbolism which would 
enable the complete determination of all the consequences of 
a given set of premises to be easily carried out, just as math- 
ematical formulas enable us to solve large classes of prob- 
lems. This was his Universal Characteristic. But it was 
reserved for a later day to bring to light the symbolic logic, 
and we may pass at once to Boole 5 and the nineteenth cen- 
tury. We shall find however in the invention of Boole and 
his successors not the discovery of mathematics but the 
mathematicising of logic. The mind again devises new 
forms for its own use, new ideas by which to attack its 
problems. 

Boole used letters to express classes, the conjunction 

5 The Mathematical Analysis of Logic, 1847 ; An Investigation of the 
Laws of Thought, 1854. 
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of two letters indicating the largest common subclass, and 
the formal addition of two letters the smallest common 
superclass. Then the laws of logic are stated by the formal 
equations 

a=aa, (identity); a + ab=a, a(a-\-b)=a, (ab- 
sorption) ; ab = ba, a + b = b-\-a, (commutation) ; 
aa—a, a J ra=a, (tautology); ab=aba, o= 
a(a-j-b), (simplification); a=ab, a—ac, then 
a=abc, (composition). 

He introduced two constants called logical constants, 
represented by i and o, with the meaning for i, the mini- 
mum superclass of all classes considered, the logical uni- 
verse ; and for o, the greatest common subclass of all clas- 
ses, the null-class, or class of impossibilities. It is under- 
stood that if a class is considered, the negative of the class 
is also under consideration, represented by a'. If only one 
class is considered then i = a + a'. If two are considered 
1 = ab + ab' + a'b + a'b' ', etc. It is evident that 

10=0, 1 +a=i, oa=o, o + a=a. 

The invention of these notions which seem simple enough 
now was a great advance over the logic of Aristotle. It 
suggested for example the use of i — a for a', with the 
formulas corresponding to algebra 

0(1 — a)=o, i=a-f-(i — a), 

the laws of contradiction and excluded middle. Any class 
may be dichotomized in the form 

x=ax + a' 'x—abx + ab' 'x + a'bx + a'b 'x= . . . 

If x is a subclass of a we indicate it by the equations 

x—ax or xa'=o. 

The syllogism takes the very simple form 

a=ab, b = bc, then a=abbc=abc=ac. 
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We have thus invented a simple algebra which, with the 
one principle of substitution of any expression for a letter 
which the letter formally equals, and the reduction of all 
expressions by the laws of the algebra, enables us to solve 
easily all the questions of the older logic. Jevons 8 has 
stated the rule for doing this very simply : "State all prem- 
ises as null-classes, construct all necessary subclasses by 
dichotomy, erase all combinations annulled by the premises, 
and translate the remaining expressions, by condensation, 
into the simplest possible equivalent language." 

Boole however made a further most important discov- 
ery, that there is a nearly perfect analogy between the cal- 
culus of classes and the calculus of propositions. That is, 
we may interpret the symbols used above as representing 
propositions, under the following conventions. If a is a 
proposition, a' is the contradictory proposition, ab a propo- 
sition equivalent to the joint assertion of a and b, a + b the 
assertion of either a or & or both, i a proposition asserting 
one at least of all the propositions and their contradictories 
under consideration, and o a proposition asserting all the 
propositions and their contradictories simultaneously, that 
is, I asserts consistency, o inconsistency. A series of for- 
mal laws may now be written out and interpreted similar to 
those for classes. The syllogism, for instance, is the same, 

a = ab,b = bc, then a=ac, or in equivalent forms, 
ab'=o, bc'=o, then ac'=o. 

That is, if the assertion of a is equivalent to also asserting 
b, and if the assertion of b is equivalent to also asserting c, 
then the assertion of a is equivalent to the assertion of c. 
We may reduce the whole scheme of deduction as before 
to a system of terms which are the expansions of the pos- 
sible list of simultaneous assertions, the premises annulling 

8 Principles of Science, also Pure Logic. See also Studies in Deductive 
Logic. Also Couturat, Algibre de la logique (Algebra of Logic, translated by 
Robinson). 
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certain of these, and those remaining furnishing the con- 
clusions. We should however note carefully that what we 
arrive at in this manner are not truths or falsehoods but 
consistencies and inconsistencies. That is to say, we do not 
prove anything to be true or false by the logic of proposi- 
tions, we merely exhibit the assertions or classes with 
which it is consistent or compatible, or the reverse. In this 
sense only does logic furnish proof. It is obvious however 
that many new combinations of the symbols used are pos- 
sible by these methods, and thus it is easy to ascertain the 
consistency of assertions that would not otherwise occur 
to us. While the premises evidently are the source of the 
conclusions, the conclusions are not the premises, and on 
the one hand the transition from the one to the other is 
made most easily by these methods, and on the other hand 
the conclusions are new propositions consistent with the 
premises. A simple example will show what is meant: 

If a implies a', then a is o; for if aa=o, at once o=o. 
Conv. if a'a'=o, a'=o, o= I. 

That is, a proposition which implies its contradictory is 
not consistent. 

It should be noted that the calculus of propositions is 
not wholly parallel to the calculus of classes. This is shown 
particularly in the application of a certain axiom, as fol- 
lows: 

( 08 true ) = a Ax. a' = ( a't true ) = ( azf ) . This is ab- 
surd for the logic of classes, since a=i is a proposition 
and not reducible to a class. 

A useful form for implication is 

(a implies b) = (a' + b = i). 

The next advance was due to C. S. Peirce, 7 who devised 

7 Mem. Amer. Acad. Arts and Sciences, N. S., IX, 1870, pp. 317-378. 
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the logic of relatives, in which the propositional function 
with two variables appears, and which may readily be gen- 
eralized into the propositional function with any number 
of variables, giving binary, ternary, and then n-ary rela- 
tives. As simple examples we may omit individuals that 
satisfy the proposition : A is the center of the circle c, arriv- 
ing at the propositional function : x is the center of y ; or 
another example with four variables is found in: at is the 
harmonic of y as to u and v. The calculus of the logic of 
relations is obviously much more complicated than the prev- 
viously known forms of symbolic logic. While some of the 
theorems and methods of the calculus of classes and propo- 
sitions may be carried over to the calculus of relations, there 
are radical differences. For instance the relation xRy is the 
converse of the relation yRx. These two relations are not 
identical unless R is symmetric. Again from xRy, yRz, 
we can infer xRz only if R is transitive. The ranges of a 
relation are the sets of individuals that satisfy the propo- 
sitional function, when inserted for some one of the vari- 
ables. The most complete development of these notions is 
to be found in Whitehead and Russell's Principia Mathe- 
matica. In the intoxication of the moment it was these 
outbursts of the mind that led Russell into the extravagant 
assertions he made in 190 1. In the Principia there are 
no such claims. It should be noted too that the work of 
Whitehead in his Universal Algebra ( 1898) contained a 
considerable exposition of symbolic logic. 

As soon as the expansion of logic had taken place Peano 
undertook to reduce the different branches of mathematics 
to their foundations and subsequent logical order, the re- 
sults appearing in his Formulario, now in its fifth edition. 
In the Principia the aim is more ambitious, namely to de- 
duce the whole of mathematics from the undefined or as- 
sumed logical constants set forth in the beginning. We 
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must now consider in a little detail this ambitious program 
and its outcome. 

The basal ideas of logistic are to be found in the works 
of Frege, but in such form that they remained buried till 
discovered by Russell after he had arrived himself at the 
invention of the ideas independently. The fundamental 
idea is that of the notion of function extended to proposi- 
tions. A propositional function is one in which certain of 
the words have been replaced by variables or blanks into 
which any individuals may be fitted. This isolation of the 
functionality of an assertion from the particular terms to 
which it is applied is a distinctly mathematical procedure, 
and entirely in line with the idea of function as used in 
mathematics. It enabled us above to define concept and 
relation, in a way, and it further makes quite clear in how 
great a degree mathematical theorems are about proposi- 
tional functions and not about individuals. For instance, 
the statement, "If a triangle has a right angle it may be 
inscribed in a semicircle," merely means 

right-angled-triangularity as a property is inconsis- 
tent with non-inscribability-in-a-semicircle as a prop- 
erty. 

In this mode of statement it is apparent to every one that 
a large part of mathematics is concerned with the deter- 
mination of such consistencies or inconsistencies. That it 
is not wholly concerned with them however is also quite 
apparent. For example, the calculation of n can only be 
called a determination of the figures consistent with certain 
decimal positions by a violent straining of the English 
language. And again, the determination of the roots of 
an equation is a determination of the individuals which will 
satisfy a given propositional function, and not a determina- 
tion of the other functions consistent or inconsistent with 
that first function. There is a difference well known to 
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any mathematician between the properties of the roots of 
a quadratic equation and the properties of quadratic func- 
tions of x. Again, the analysis of the characteristics of a 
given ensemble is a determination of the essential con- 
stituents of the propositional function whose roots are the 
individuals of the ensemble. Operators considered as such 
are not propositional functions, and neither are hyper- 
numbers. It has been made quite clear, we hope, in what 
precedes, that much of the mathematician's work consists 
in building up constructions, and determining their char- 
acteristics, and not in considering the functions of which 
such constructions might be roots. There is a difference 
between the two assertions 

2 + 3 = 5 an d, If 2 is a number, and if 3 is a number, 
and if 2 and 3 be added, then we shall produce a 
number which is 5. 

We find the difference well marked in the logistic deduction 
of the numbers one and two. The deduction is as follows : 
Let us consider the propositional functions 
"jreqpi has only roots such that they cannot be distin- 
guished," as likewise jtre(p 2 ,. . . For instance let () =6, of 
which the roots are 4 + 2, 2 X 3, 12/2, . . . which are all indis- 
tinguishable in this propositional function. So also ( ) =9, 
() = 4/3. •• • Then if we call these propositions similar, 
in that each has indistinguishable roots, we may consider 
next the propositional function p sim ( ) = 6, where p is a 
variable proposition, which however is distinguished by the 
character of indistinguishable roots. We may now define 
the number 1 as the functionality in this functional propo- 
sition. That is to say, 1 is a property of propositional 
functions — namely, that of uniqueness of their roots. In 
mathematical language we might say : The character which 
is common to all equations of the form (x — a) Wi =o, is 
called one, thus defining one. Now while it is true perhaps, 
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that to seize upon equations with one root as cases in which 
oneness appears, is a valid way to arrive at one, neverthe- 
less it is not at all different from any other case in which 
oneness occurs, as in selecting one pencil from a pile of 
pencils. In a like manner two is defined as the common 
property of propositional functions which are relations with 
a twofold valence, that is, admit two series of roots, the 
series in each case consisting of indistinguishable individ- 
uals. The truth of the matter is that the definitions given 
are merely statements in symbolic form of cases in which 
the number one or the number two appears. The two 
numbers have in no wise been deduced, any more than a 
prestidigitator produces a rabbit from an empty hat, but 
they have first been caught, then simply exhibited in an iron 
cage. The fact that functions are useful things we cheer- 
fully admit, but that everything is reducible to logical func- 
tions we do not admit. The arithmetic of 2 and 1 was 
known long before logistic. 

Another notion introduced by logistic is that of truth 
and truth-value. In no place are either of these terms 
made clear, nor are they defined. They are qualities of 
propositions, that is propositional functions which have 
had individuals inserted for the variables. For example, 
if I consider the propositional function x is right-angled, 
and then for x insert respectively the triangle ABC, the 
parallelogram S, this pink color, I have the propositions 
ABC is right-angled, the parallelogram S is right-angled, 
this pink color is right-angled. The first of these is said 
to have the truth-value truth, the second the truth-value 
false, the third has the value absurd, which is not a truth- 
value. The first two assertions are then propositions, the 
third is not a proposition. Much is made of the idea of 
truth-value, but practically it amounts only to saying that 
an assertion is a proposition only when it can be labeled 
with one of two given labels. If any other label is neces- 
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sary it is not a proposition and not within the region of 
logistic. So far as really used in logistic these labels are 
neither more nor less than labels of consistency and in- 
consistency. They do not refer in any way to objective 
truth. Thus if we start with the postulates of Euclidean 
geometry we arrive at certain propositions, as, "triangle 
ABC has the sum of its angles equal to two right angles." 
This proposition is not to be tagged as true, but merely as 
consistent with the premises we started with. The deter- 
mination of the primitive truth of the premises is not pos- 
sible by logistic at all. The whole of science is of this 
character, the truth of the conclusions of science being only 
probable, not certain, although the reasoning is valid. Sci- 
ence draws its validity from the agreement of all its con- 
clusions with experience. In the same way the conclusions 
of mathematics are consistent under our notions of con- 
sistency, but neither true nor false on account of the rea- 
soning. And this is all that Russell is privileged to say 
when he asserts that "mathematics is the science in which 
we do not know whether the things we talk about exist 
nor whether our conclusions are true." From the results 
of logistic we certainly do not know either of these things. 
We merely know that if they exist, and if the premises are 
true, then the conclusions are true provided the processes 
of logistic can give true conclusions. 

Since logistic does not touch the natural world, and 
since every one admits that mathematics does give us 
truth, the only possibility left to Russell was to assert 
the existence of a suprasensible world, the world of uni- 
versal of Plato, in another form. In mathematics, he 
says, we are studying this world and making discov- 
eries in it. It exists outside of the existence of any in- 
dividual mind, and its laws are the laws of logistic nat- 
urally. That such world exists we will readily admit, yet 
we deny that it stands finished as a Greek temple in all 
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its cold and austere beauty, but that it is rather a living 
organism similar to the earth in geologic times, and out of 
the stress of temperature and moisture and dazzling sun 
there is evolved through the ages a succession of increas- 
ingly intricate and complex forms. But these forms de- 
rive their existence from the push and surge of the human 
mind beating against the cliffs of the unknown. Even 
logistic itself is the outburst of the mind from the barriers 
of the early attempts to think and to think clearly. Mathe- 
matics finally attacked even the process of thinking, just 
as it had considered number, space, operations, and hyper- 
number, and created for itself a more active logic. That 
this should happen was inevitable. Says Brunschvicg : 8 

"Symbolic logic, like poetic art following the spon- 
taneous works of genius, simply celebrates the victory or 
records the defeat. Consequently it is upon the terri- 
tory of positive science that the positive philosophy of 
mathematics should be placed. It gives up the chimerical 
ideal of founding mathematics upon the prolongation be- 
yond the limits imposed by methodical verification itself 
of the apparatus of definitions, postulates, and demonstra- 
tions; it becomes immanent in science with the intention 
of discerning what is incorporated therein of intelligence 
and truth." 

The philosophic assumption at the root of the view 
taken by the supporters of logistic as the sole source of 
truth we are not much concerned with, since we are not 
discussing philosophy but mathematics. But we may in- 
spect it a little with profit. This assumption is the very 
old one, that there is an absolute truth independent of hu- 
man existence and that by searching we may find it out. 
Says Jourdain : 9 

"At last, then, we arrive at seeing that the nature of 



8 Les Stapes de la philosophic mathematique, p. 426. 

9 Nature of Mathematics, p. 88. 
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mathematics is independent of us personally and of the 
world outside, and we can feel that our own discoveries and 
views do not affect the truth itself, but only the extent to 
which we or others can see it. Some of us discover things 
in science, but we do not really create anything in science 
any more than Columbus created America. Common sense 
certainly leads us astray when we try to use it for purposes 
for which it is not particularly adapted, just as we may cut 
ourselves and not our beards if we try to shave with a 
carving knife; but it has the merit of finding no difficulty 
in agreeing with those philosophers who have succeeded in 
satisfying themselves of the truth and position of mathe- 
matics. Some philosophers have reached the startling con- 
clusion that truth is made by men, and that mathematics 
is created by mathematicians, and that Columbus created 
America; but common sense, it is refreshing to think, is 
at any rate above being flattered by philosophical persua- 
sion that it really occupies a place sometimes reserved for 
an even more Sacred Being." 

Doubtless if Columbus were to discover America over 
again he might conclude that acts of creation had gone on in 
the meantime, and might reasonably assume that they hap- 
pened in the past, and doubtless Mr. Jourdain is forced to 
conclude from his own argument that the words he uses in 
the English tongue have not been built up by the efforts of 
man but have existed from the beginnings of time, that the 
idea of propositional function and of relative and of func- 
tion, pointset, transfinite number, Lobatchevskian space, and 
a long list of other terms, have always been waiting in the 
mines of thought for the lucky prospector, but common 
sense would refute this view with very little study of the 
case. We may grant that electric waves have always ex- 
isted, but that the wireless telegraph has always existed 
in any sense is not true ; nor that even if carbon, nitrogen, 
hydrogen and oxygen have always existed, nitroglycerine 
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is to be dug out of wells, or that because sound-waves exist 
in the air, that therefore symphonies, operas, and all music 
have always been waiting to be discovered, not created. It is 
true perhaps that the elementary units out of which things 
material or mental are constructed exist in some sense, ex- 
ternal to any one individual in some sense, but it is not true 
that therefore the combinations of these elements have al- 
ways existed. Logistic, with aH its boasted power, has never 
constructed a theorem that was truly synthetic in character, 
it has never taken a set of new postulates not derived from 
previously existing theories and developed a branch of 
mathematics similar to geometry or an algebra. It is 
powerless to move without the constant attendance of the 
intellect, it draws no more conclusions than Jevons's logical 
machine without its operator. It has never even introduced 
as one of its results a new thought of wide-reaching power, 
such as the idea of propositional function itself. This idea 
came from the extension of the mathematical function to 
other things than quantity. Columbus did not create the 
trees nor Indians nor shores of America, but he did create 
something that the Icelanders or the Chinese or other re- 
puted previous discoverers did not create, and its existence 
we celebrate to-day more than the forgotten Indians, or the 
shifting sands of Watling's Island, or the broken tree- 
trunks. Mathematics, as we said before, did not spring like 
Athena from the head of Zeus, nor is it the record of the 
intellectual microscope and scalpel, but rather as Prings- 
heim, 10 who is not a philosopher but a mathematician, says : 
"The true mathematician is always a good deal of an artist, 
an architect, yes, a poet. Beyond the real world, though 
perceptibly connected with it, mathematicians have created 
an ideal world which they attempt to develop into the most 
perfect of all worlds, and which is being explored in every 
direction. None has the faintest conception of this world 

"Jahr. Deut. Math. Ver., Vol. XXXII, p. 381. 
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except him who knows it; only presumptuous ignorance 
can assert that the mathematician moves in a narrow circle. 
The truth which he seeks is, to be sure, broadly considered, 
neither more nor less than consistency; but does not his 
mastership show indeed in this very limitation? To solve 
questions of this kind he passes unenviously over others." 

We must pass on however to the reef that wrecked 
logistic in its short voyage after imperial dominion. This 
is nothing less than infinity itself. Since logistic asserted 
philosophically the suprasensible and supramental existence 
of its objects, it was forced to assert that there is an abso- 
lute infinity. In the transfinites of Cantor it found ulti- 
mately its ruin. In order to handle classes that had an 
infinite number of members it had to set up definitions that 
ultimately led to the contradictions which in the Principles 
of Mathematics of Russell were left unsolved. These were 
the objects of the assaults of Poincare and others, and led 
to the definitive abandonment of the second volume of the 
Principles. The presentation of the Principia has many 
modifications, too long to cite, but the discussions in the 
Revue de metaphysique et de morale from 1900 on will be 
found very illuminating in their bearing on the nature of 
mathematics. The philosophical writings of Poincare par- 
ticularly should be consulted. The net result of all the dis- 
cussions is that all the metaphysics has been eliminated 
from logistic, and it assumes its proper place in the mathe- 
matical family, as a branch of mathematics on a par with 
the other branches, such as arithmetic, geometry, algebra, 
group-theory. 

The question of infinity is one of the most difficult to 
consider, and in one of his last articles Poincare despairs 
of mathematicians ever agreeing upon it. The reason for 
perpetual disagreement he gives is the fundamental differ- 
ence in point of view of reasoning in general. If the objects 
of mathematics are supramental, then the mind is forced 
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to admit an absolute infinity. If the objects of mathematics 
are created by the mind, then we must deny the absolute 
infinity. So far no decisive criterion has appeared, beyond 
that laid down by Poincare, that any object about which we 
talk or reason must be defined, that is, made to be distin- 
guishable from all other objects, in a finite number of 
words. For example, there is no such thing as the col- 
lection of all integers, since while we may define the 
class of integers and also any one integer we cannot 
define each and every integer. When logistic seeks to 
correlate the collection of all integers to any other in- 
finite collection, member to member, this criterion de- 
mands that a law of correlation be stated which may be 
applied to every member of the class. This is manifestly 
impossible. A case is the proof that rational numbers may 
be put into a one-to-one correspondence with the integers. 
While any one rational may be placed in this way, or any 
finite number of them, yet according to the criterion it is 
not possible to decide that we can place every rational in 
this way. Manifestly any operation that has to be done 
in successive steps will never reach an absolute infinity. 
All proofs relating to infinite collections consider that the 
statement of a law for any member of the class is sufficient. 
The criterion demands a law for every member, which is 
admittedly not possible. The absolute infinity must not be 
confused with the mathematical infinity, which is merely 
an unlimited or arbitrary class. In all the processes we 
use in getting limits, the infinity that enters is not the 
Cantor infinity. 

We may then safely conclude that logistic furnishes 
truth to the other branches of mathematics in much the 
same way that algebra does to geometry, or geometry to 
algebra, or numbers to group-theory, or hypernumbers to 
geometry. By logistic we may draw conclusions about the 
elements with which we deal. If we try to interpret the 
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conclusions logistic is powerless to do so any more than 
geometry can yield us theorems in logic. Also the proces- 
ses in reasoning of any kind are no different in logistic 
from what they are in algebra, geometry, theory of num- 
bers, theory of groups, and it is the intelligence, not the 
logistic, that draws the conclusion of logistic, just as it is 
the mathematician that solves algebraic equations, not al- 
gebra. Logistic has a right therefore to exist as an inde- 
pendent branch of mathematics, but it is not the Overlord 
of the mathematical world. As to the philosophical import 
of logistic, we may well follow Poincare's advice, and con- 
tinue the development of mathematics with little concern 
whether realism or idealism or positivism is substantiated 
in the philosophical world. Indeed we may conclude even- 
tually with Lord Kelvin 11 that "mathematics is the only true 
metaphysics." 
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